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Elliptic curves

Elliptic curve isomorphism duality
Elliptic curves are either:
e standard curves
Ep:zy? =x3 + A’z + x2° = x(x — az)(x —a"1z)
@ quadratic twists
E] : Bzy? = x* + Ax%z + x2°

with B € [F; non-quadratic residue.

Properties Kummer line

@ EANES =((0:0:1),(a:0:1)). Let Ko = (EaUEJ )/+1 be the Kummer line

o E4 supersingular then

0:EAUE] —— Ka=P!
Ea(Fp0) 2 Z2, 1, and EJ (Fpn) 2 72, (x:y:z)—(x:2)

0—(1:0)
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Dim 1 isogeny

’CO ]Cl Icnfl — ICn

¢1 o o d’nfl ¢n

oi(x,y) = <5E§; :ng;) — di(x:z) = (u(x/z) : v(x/z))

o

» Can evaluate isogeny over the quadratic twist (up to £1).
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Kani's Lemma

Lemma (Kani's Lemma)

I — F::<?/ —/E)
l g
! Eax Eg ————— E X E
g /6/ g A B AB
g =
By oo e Eap ker(F) = { (F(P), ~&(P))| P € ENI}

={(v - 1P, -0(P))| P € EalN1}
deg(f) +deg(g) =a+b=N
ged(a, b) =1

In this presentation:
» We extend Kani's Lemma on the quadratic twist with N = 2°.

» We also propose a more efficient gluing.
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[DMPR23]: (2",2") isogenies between product of elliptic curves

(2",2")
Ei x E b Jn—2 Jn—1 Es x E4
A
1 2 h—2 h—1
wa I g wl ] o
1 X ]CEZ ICJl ICJZ e ’CJ,,_Q ,CJn_l ICEg X ICE4

2,2
1. Gluing: Elliptic curves u) Kummer surface.

. (2,2)
2. Generic: Kummer surface ——— Kummer surface.

2

3. Spliting: Kummer surface —= 2) —% Elliptic curves.

» Problem: Gluing does not naturally work on the quadratic twist.
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Theta structure: Simplified

Definition (Theta structure)

Let A be a principally polarised abelian variety of dimension g. A 2-theta structure is an embedding
into the Kummer variety K4:

04 Ay ——— Ka CPF1

that is induced by a symplectic basis' (Si,--,Sg) @® (T1,- -, Tg) of A2].

o Example: Let Epand P=(x:y:z) € Ex. Then:

HEA(P) = (a(x —2z): b(x—l—z)) - (Z b3> 0(P)

with (a®: b*) = (a+1:a—1)

0F ~ ((a:0:1)) @ ((0:0:1))

w(S;,S)) =1=w(T;, T;) and w(S;, T;) = (—1)%.
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Duplication formula

@ Hadamard transform # induces a duality:

1 1 1 1
Ol
1 -1 -1 1
oA " A
{ l
(51,5) ®(T1, To) ¢———— (T1, To) & (51, 1)

g times

e N . .
o Let K=(Tq,---,Tg) CA[2] and ¢ : A — B the (2,2,--- ,2) isogeny with ker(¢) = K. We then
have the Duplication Formula:

H(0A(P+Q) 07 (P - Q) =% (6(P)) © % (¢(Q))
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Gluing
Let P = (Pl, P2) € £ x E.
1. E1 X E2 @} ’CEleQ is defined as: El % E2 ¢ Jl
P—N-. (6(P1) X H(Pz)) 0><9l
ICEI > ICEQ gluing oh
N € GL4(F,) such that ker(¢)[2] is (Ty, To) for §51%E2 ®\/‘

KE xE @* K

2. Apply the following duplication formula:
H(GE“EZ(P) ® aElez(P)) —g* (6(P)) © g4 (0)

Problem: E; x E, reducible, we may have H(GE“E?(O) ® HE“EZ(O))' =0 < 6"(0);=0.

» Can only retrieve 3 component of 6”1 (¢(P)).
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The Gluing algorithm

(6525 (P) @055 (P) ) = 0% (4(P)) @ 6% (0)

H(0FE (P + X) © 0555 (P + X)) = 04 (4(P + X)) © 0 (0)

e Say 0(0) = (0: B:~:06) and 6/ (¢(P)) = (x : y : z: w). Then:

6! (6(P) + ¢(X)) ® 6%(0) = (0: xB :wy: 26)
~—

sol.

» Total cost: 66M + 12S + 2C + 58A.
Problem: What is P+ X when P ET and X € E?
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Solution

Key insight
,H<0E1><E2(P + Q) @eExE(p - Q)) = 6% (¢(P)) © 0" (4(Q))

L 0ExE(P4+ Q) ®0587E(P — Q) is always defined over F,.
» Following Riemann Position Theorem.

2. This separate ¢(P) and ¢(Q).
> Q can be outside ker(¢)[4].

3. It can be efficiently computed.
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Computing 0E1XE2(P + Q) ® 9E1XE2(P — Q) efficiently

o Given P # Q € EAUE], then xg and xg are “conjugate”.

Lemma

Ju,v,w € Fy sit. (xg,20) = 0(P + Q) and (xg,z5) = 0(P — Q) are of the form:

X = U—0pdQV
Xo = U+ 0pdQVv
Zy —=Zg =W
with 6p = (VB)'#eed .

u =zgzp (05y52p + 0pypza) — (Azpzg + xpzg + xqzP)(XezP — XPZQ)?
V. =ZpZaYQyp
w = (xgzp — xpzq)*2zpzq
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Computing 0575 (P + Q) © 655 (P — Q)

Theorem

Let P,Q € (El @] ElT) X (E2 U EZT) with P = (:Dl7 Pz) and Q = (Ql, Qz) such that § = 5/31(5()1 = (Sp2(5Q2:

9E1><E2(P_|_ Q) ®9E1><E2(P_ Q) = ((NLT) o (NLT)) — 52 ((NV) ® (N\7’)>

U1U2+52V1V2 Vil + Ui vo
0 - U w; = V1 W,
with & = 1%2 and vV = 172
wi uz w1 V2
w1 wp 0

> If Q € E; x E;, works for P € (E; x B) U (E x E)).
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Improved Gluing

o Precomputation:
o Compute! Q s.t. 071(4(Q)) = (a: B : 7 : 6) with aByd #0
o Save Qand (a': 87ty 5Th).

@ New Gluing:
o To evaluate P, simply use:

H(057E (P 1+ Q) ©0%°E (P~ Q) ) = 4 (4(P)) © 7% (4(Q))

» Can evaluate all P € (E; x B) U (E]" x E)).
o Covers all useful case for Kani's Lemma.

» Total cost: 61M +12S +2C (+10C) + 52A.2

LEx: Q §§ (E1 X EQ)[4] and Q = (Ql, Qz) with Q; # 0.
2vs. 66M + 12S + 2C + 58A
(27 27) over twists T



Conclusion

@ Using Kani's Lemma over quadratic twist can be efficiently computed.
o Useful for SQIPrime, POKE, DeuringVRF...

@ This method can be made universal: i.e. P € (E;UE]") x (EUE, ). (but slower)
o Question: Where are the zeros of §71(P) with P = (Py,0), (0, P,) ?

H(0A(P + Q) @ 04(P — Q)) = 1°(6(P)) © 1°(9(Q))

Happy to discuss your comments and questions !
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The Riemann relation

Theorem (Riemann positions)

Let z1,20,23,24 € Fq such that zy + 20 + z3 + z4 = 2z and zl =z —z. Then, for all x € 72,
ki, ko, ks, ka € Z3 such that k! = m — k;, we have that

<Z X(t)9k1+t(zl)9k2+t(z2)> (Z X(t)0k3+t(z3)‘9k4+t(z4)> = (ZX t)ek’+t(zl)0k’+t z ) <Z x(t)0; +t(z3)9k’+t(z4)>

v

» Does not help.

o Only provides tautological or 0 = 0 equality.
o Using 4-theta structure, we get that:

ZX )0:(P + T)0:(P — T) J(ZX (£)0:(P)0:( )(Zx(t)é)t Gt(T)>
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Consequence of the theorem

P P @ @ Protocol

0 0 0 0 | Addition & Field exten.
0 0 1 1 Field exten.

1 1 0 0 Field exten.

0 1 0 1 Addition

1 0 1 0 Addition

0 1 1 0 Field exten.

1 0 0 1 Field exten.

1 1 1 1 | Addition & Field exten.

Table: Table of which algorithm to retrieve 51%52(P + Q) ® 951%E2(P — Q), depending on the position of
P1,P>, Qi and Q. Oifin Ejand 1ifin E;.
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Theta structure: Simplified

Definition (Theta structure)

Let A be a principally polarised abelian variety of dimension g. A n-theta structure is an embedding
into the Kummer variety [Cx:

04 A ——— Ka P71

that is induced by a symplectic structure over Aln].

1. 6A(0) characterized A up to isomorphism.
en=2g=1 Let Exand P=(x:y:z) € Ea. Then:

0FA(0) = (a: b) with (a° : b*) = (@ +1:a—1)
05 (P) = (a(x — 2) : b(x + z))
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Kummer surfaces

1. 64(0) characterized A up to isomorphism.
o Casen=g=2: 0°0)=(a:b:c:d),(A:B:C:D)=H(a®:b*:c?:d?) then, A is isomorphic
to the abelian surface defined by

p(Xt, Xo, Xa, Xa) = X{ X5 +X5 + X —2EX1 Xo Xa Xa— F(XEX;+X5 X3 ) — G(XP X5 + X3 X3) — HIXP X3+ X3 X7)
F=(a"-b*"—c*+d")/(a°d® — b°SP) G=(a"-b"+ " —d"/(a° - b’d?)

H=(a"+b"— " —d*)/(a°D* — *d?)
E = 256abcdA’B*C°D?/(a°d® — b*P)(a°c® — b*d?)(a°b° — °d?)

27{ denote the Hadamard transformation.
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Theta structure and torsion points

2. Images through 64 of translation by A[n] are characterised by the weil pairing over A[n].
o Z2 = A[n] =2 Z& x ZZ we can write Aln] 3 X ~ (x, x) s.t.:

w( X1, X2) = x2(x1)/x1(x2)

07 (P + X) = x(j)02:;(P)

o Elliptic curves: E[2] = ((0:0:1),(c:0:1)) the standard basis. Then, for P = (x :y : z):
6% (P) = (a(x — z) : b(x + 2))

05((0:0:1)) = (—a: b) 0% ((a:0:1)) = (ab®: ba’) = (b: a)

(0:0:1) ~ (0, (1)) (@:0:1)~ (1,(-1)%)

9G = Hom(G,St)
(2", 2) over twists
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Theta structure of surfaces

o Surfaces: A[2] = (S1,5,) @ (Ty, To) a symplectic basis®. Then, for 0A4(0) = (a: b: c: d):
0°(S1) = (b:a:d:c) 0A(T) =(a: —b:c:—d)
04(S) =(c:d:a:b) 04(To) =(a: b: —c: —d)
S1 = (0L, (1)), S = (10,(-1)®) T = (00,(-1)%7), T, = (00,(-1)16-7)

67 theta structure «+—— Sy, Sy, T, To symplectic basis.

3. The Hadamard transform # induces a duality in theta structure:

W -
oh M ga

SL,Su T, T — 5 1, T2: 51,5,

Sw(Ti, T2) = 1 = w(51,S2) and w(T;, S;) = (—1)%
(27, 27) over twists
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Theta structure and isogenies

4. @-structures are compatible with isogenies.

g times - -
o Let K=(Ty, -+, Ty) CA[2] and ¢ : A — B the (2,2,---,2) isogeny with ker(¢) = K. We then
have the Duplication Formula:

H(0A(P+Q) © 04 (P = Q)) = 8°(6(P)) © 6% (4(Q))
o Example: Let P = Q = 0. Then

H (eA(O) ® 0A(0)) = §%(0) ® 65(0)

A~ 040) ——— 0°(0)~ B
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